A model-free CUSUM-type statistic for testing the null
of cointegration

Afonso-Rodriguez, Julio A.
Department of Applied Economics and Quantitative Methods
University of La Laguna
Faculty of Business and Economics
Camino La Hornera, s/n. Campus de Guajara, C.P. 38071 La Laguna, Tenerife, Canary Islands
Teléfono: 922317041, e-mail: jafonsor@ull.es

Abstract

We propose a new and simple to compute semiparametric CUSUM-type statistic based on the sequence
of centered and squared OLS residuals from the estimation of a single-equation cointegrating regression
model as the basis to test the null hypothesis of cointegration against no cointegration. The main novelty
of this testing procedure is that, besides very simple corrections for serial correlation and endogeneity of
the integrated regressors and the only use of OLS residuals, the non-standard limiting null distribution is
invariant to the number and type of components appearing in the estimated regression. We derive such a
limiting null distribution, establish its consistency rate under no cointegration and also present some
numerical results to illustrate its finite-sample size and power properties.
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A model-free CUSUM-type statistic for testing the null
of cointegration

1. Introduction

Since the seminal contributions by Granger (1981) and Engle and Granger (1987), the
literature on cointegration analysis has occupied a prominent place in the econometric
analysis of multiple nonstationary time series. In macroeconometrics there are many
examples where, given the nonstationary behaviour of the series involved, cointegration
analysis plays a central role in examining their long-run joint behavior through the
specification of a single cointegration relationship based on a regression equation. One
of the questions that has received more attention, besides the issues on model
specification and estimation, is the development of testing procedures with good size
and power properties in finite samples to consistently discriminate between
cointegration and no cointegration. There are many available parametric or
semiparametric test statistics with such a good properties, but their tabulated limiting
null distributions generally depend on the number and nature of the trending
components appearing in the specification of the cointegrating regression model.

This paper propose a relatively simple to compute new statistic, that only require the use
of the OLS residuals, for testing the null hypothesis of cointegration in a single-equation
cointegrating regression model, with an arbitrary number of integrated regressors and a
very general form of the deterministic trend component, whose limiting null distribution
is invariant to the structure of the components of the estimated model. The proposed
testing procedure is robust to endogenous integrated regressors, and through a
simulation experiment it can be verify that have good size and power properties.

2. The model, assumptions and some basic results

It is assumed that the set of k+1, k£ 2 1, observed series ¥,, X, , =(X .,Xk,t)', t=1,

IRERE

..., 1, are generated by the following unobserved components model
Y, j (dmj (nmj
=| 0 4] o 2.1
(Xk,t dk,z le,t
where d,, and d,,=(d,,..d,,) are the deterministic components, and
M, =(M,,.M;,) denotes the stochastic trend component given by m, =m,_, +€,, with
initial value m, =o0,(n"?)," and € =(g,,.€,,)’, a strictly stationary and ergodic zero-
mean vector error with a finite long-run covariance matrix, =T, +T,+I", where
[,=E[eg], and T, =X7 E[e,_/], with T partitioned as T = (Y5, ¥,0- ) Yeo = Yor -

Then, if there exists a k-vector B, such that

u, =My, — B;(le,t = (1’ _B;)(RZZJ = K;J‘I, (2.2)

is stationary with continuous spectral density, then it is said that m,, and m,, are
cointegrated in the sense of Engle and Granger (1987), with cointegrating vector

! This general assumption on the initial value includes the case of any random variable with bounded
second moments, and also includes the case of a fixed constant value.



x, =(,-B;), and B, =Q.'y,,.” To obtain an operative version of (2.2) based on the

observed variables in (2.1) we need to introduce a particular but quite general
assumption of the structure of the deterministic components in (2.1). Likewise, we need
to formulate a convenient set of assumption for the generating mechanism and
stochastic properties of the error terms driving the stochastic trend components in (2.1)
and the equilibrium error term u, in (2.2). These assumptions are presented below.

Assumption 2.1. Deterministic components

It is assumed that the deterministic trend components in (2.1), d.,, can be factorized as

it?
dy, =,,%,, and d,, =A, 1, +A 1, with k > ¢, where 1, =(@",..,t"),
T,, = (" ,..,t"), with integer powers 0 < p; <... < pysg, and g 2 0, where, whenever
the trend coefficient matrices A, , and A, = are non-zero matrices, each column of the
trend coefficient matrix A, contains a non-zero element, and A, is full rank, i.e.
Rank(A, )=g<k.

Assumption 2.2. Multivariate linear process for the error terms
(A) The zero-mean k+1-vector §, :(Dt,e;’,)’ is strictly stationary and ergodic and

follows a linear process as &§,, =D(L)e,, where e, =(e,,,€;,) is a k+1-variate white
noise process with zero mean, covariance matrix X, > 0 and (2+m)th-order finite
moment, E[le """ ]=E[(e/e,)*""]< for some m > 0. Also, for the infinite order
polynomial matrix in the lag operator L, D(L)=27,D I’ =(d,(L),D,(L)), it is
assumed that D(1) has full rank, with coefficients satisfying the summability condition
X7, JIID,|IP<e0, a2 2, with |[D || =[Tr(D’D,)]".

(B) The regression error term, u, , is given by u, =ow, , +v,, with0 <o < 1.

Part (A) of Assumption 2.2, with the use of the well-known BN decomposition
D(L)=D(1)-(1-L)D(L), where D(L) = 27, D 1, D =27 .D,j=0,1, .., implies

the following representation of the scaled partial sum process from &,

i=j+1

(1/~/n )[Zg(” D()(1/\/n )[Ze +(1Nn)(@, €,
with €, =D(L)e =0,(1) a well-defined stationary process, so that the last term is
asymptotically negligible and D(1)n™">X"'e, = B(r)=BM(L,), 0< r <1 by the
classical Donsker’s theorem, with B(r) = (B, (r),B,(r)")" a (k+1)-dimensional Brownian
motion with covariance matrix €, = D(1)2,D(1)". Once established this result, and
taking into account that sup,.,., | (1/+/n) X" (€, - D(1)e,) |< 2max,.,., | 1/~/n)§, |=0,(1)

% In such a case, as discussed in Phillips (1986) and Phillips and Ouliaris (1990), the stationarity of the
cointegrating error sequence u, given by (2.2) implies that the long-run variance of its first differences,

v, = Au, =K, An, = X.€,, is zero, that is @} =27 __ E[vy,_,]=0. Given that det(I')=7;, det(Q,),
where v2, =Y =Y. 020 = V2(0=P2) > P2 =Yeo (Y22,)'Y,,, is the conditional long-run variance of
g,, given g, , @ =%,I'k, and it is assumed that Q, >0 which excludes the possibility of integrated
cointegrated regressors (subcointegration), with k, =(1,—B;)" the cointegration vector where

B, =Q.'Y,,, then we get ®> =v;, , with I' a singular covariance matrix.



this also ensures that the partial sum process from &, satisfies a multivariate invariance

principle such that n™"> X!"'& = B(r) .’ On the other hand, from part (B) and for any

value 0 £ o < 1, we can define the k+1-vector
(u, Y _((-al) v, ) _ _( c(L)e,
& = (sk,,j = ( €, j =C(L)e, = (Dk (L)e,

with e(L)=(1—-oL)"'d(L), that also satisfy the same summability conditions as for the
coefficients in d(L),' which implies that the scaled partial sum of E, also weakly
converges to a well defined limit as for &, where now B(r)=(B,(r),B,(r)) is a k+1-

vector Brownian process with covariance matrix Q = C(1)Z,C(1)", with
(D _(a-0)"'d' (D)
co-[5h)
D={p,0)=" p,0)
which implies that the long-run variance of u, and covariance between u, and g, are
given by @’ =(1-o) @, and ®,, =(1-a)"'®,,, respectively, with @’ and ®,, the
corresponding elements in €. Furthermore, under the additional assumption of no

cointegrated integrated regressors X, ,, so that €, >0, the Brownian process B, (r)
admits the decomposition B, (r)=B,, (r)+®,Q,B,(r), with B,  (r)=w, W, (r),
where @, =, -, Q,'®,, is the conditional long-run variance of u, given g, ,, so

that E[B,(r)B,,(r)]=0, and hence the jointly Gaussian processes B, ,(r) and B, (r)

are independent.
From the structure of the underlying deterministic components established in
Assumption 2.1, and by combining (2.1)-(2.2) we obtain the following estimable
version of the single-equation cointegrating regression model

Y =o1,, +B.X,, +u, 2.3)

which only incorporates the common structure of the deterministic components of each
series. Next, defining the vector of trend regressors in (2.3) as m, = (1, ,,X],)", we

m,t?

must find a non-singular weighting matrix W, such as m,=Wm,, with

kot )" a triangular array with a well-defined limit m

m, =(m/, ,m = m(r), where

n[nr]
m(r) = (m’,(r),m/ (7)) is a full-ranked process, in the sense that [} m()m’(r)dr >0
a.s. Given the assumption on the structure of the deterministic component appearing in
the cointegrating regression and the fact that the k-vector of stochastic regressors can be

3 There could be some situations where this invariance principle is not enough, being necessary to have
stronger approximations that involve explicit convergence rates. Thus, e.g., Park and Hahn (1999) prove

that, under Assumption L, it is also verified that: (a) sup,,, |n™"* X"/ (§,, —D(e,)|= O, (™), and (b)
sup,.,, | D(n™"? X" e, =B(r) [= O, (n™") for large n, where a = (m—2)/2m. This results imply that the
convergence rate is faster if e, has higher moments, with n* —/n as m—»co.
* Given the partitioned structure of D(L)=(d,(L),D,(L))’, with d,(L)=X7,d, L and
D, (L)=%7,D,L, we then have X7 ;D ||=X7, jTr(d,d;,)+27, j*Tr(D;D,). Also, given
recurrence relation d,; =c¢; —oc, , forj 2 1, we can write

"o JTr(dydy )= (1+a*) X7, j Tr(e,e)+ o’ X7 Tr(e,¢))—aX’, jTr(c,c, +¢,_ )
so that the summability condition on the coefficients D;, and hence for dy, implies that of
X7, ' Tr(e,c)).



decomposed as X, , =A, I, T, . +T,m,, , with m

k,m™ m,n ¥Ym,nt

= Fkk,n (le,z + Ak,qTq,t) 5 then a

k,nt
convenient choice for the weighting matrix I, , is T, , =W, C; , so that W _is

given by

r 0
W = ( A ”’lf_l FTf" j (2.4)
kk ,n

k,m™ m,n

In the simplest case where A, =0, , which also includes the situation where

A,, =0, then an obvious choice for the matrices composing T, is W, =/nl,,
and C,, =1, , so that
r, 0
W = mn m.k 2.5
" (Ak,mrml,n \/Zlk,k j ( )

where m, =(t,,.",,), with m_, =n,,=n""n,, and m,, =B (r). On the
other hand, when A, #0, withk>gqgand A, isa full rank matrix, so that there are

any additional deterministic term not included in the polynomial trend function of the
specified regression, Hansen (1992a, b) proposes to use the weighting matrix I, ,

given by

r 0 C,
~ (L. hes L (2.6)
kkc,n (Ok—q,q (l/ﬁ)lk—q,k—q ](Ck,k—q

with C, =A, (A, A, )", and C.,_ =A}, (A;,_ QA )" where A}, is
the Ax(k—q) matrix which spans the null space of (A, :A, ), so that

Cy =(C,,,C, ) >0 and is well-defined and m, ,, is now given by

k,q°
mk » — FQ,ntq,t +/\/qu,nc;c,an,nt (27)
’ Ck,k—an,nt
with limit
T,(r)
m, .., =m,(r)= (W" (r)j (2.8)
k—q
where

W, (r)= C;,k-qu (r)= (AZk—qQkkAz,k—q )_”ZAZ,k_qu ()
= (A;:,k—qgkkAz,k—q )_1/2Az,k—qglilizwk (r) =1 BM(Ik—q,k—q)
so that the limit process m,(r) is also full-ranked which allows the derivation of a

nondegenerate asymptotic theory, but with a different limit and implications as in the

standard case of A, =0, .

This set of basic results allows a convenient treatment of the OLS estimators and
residuals from (2.3) under a wide variety of situations concerning the underlying
structure of the integrated regressors and its effects on the corresponding limiting

distributions. Thus, given 6 =(X" mm))"' ¥ mY =0+(X" mm))" >" mu, the
OLS estimator of @=(a ,B;)", we get that the scaled and normalized vector of
estimation errors is given by

A am n am < : <
0, =n"W, ( " ] = ((1/;7)2 mmm;,j n 0% m,u, (2.9)
Bk,n - Bk t=1 t=1



where the exponent k takes value +1/2 depending on whether we assume cointegration
or not. Thus, under cointegration (with ¥ = 1/2), and standard application of the weak
limit of a sample covariance between the regression error and the k-vector of stochastic

trend components, m,, =", +€,,, we get n >3 M, u = [ B, (r)dB,(r)+A,,,
with A, =27, E[€,, u,] the one-sided long-run covariance between u, and §,,.

Then, the weak limit of the sample vector covariance in the last term of (2.9) is given by
1
n T, (r)dB,(r)
n?y mu, = I‘f +(:I))’” j
[,m.(r)aB,(r) | \Fa
where m, (r)=B, (r) and &, =A, when A, =0, ,and m, (r) is as in (2.8) with

®,=(0,A,,C,, ). This last result implies that, besides the presence of nuisance

(2.10)

parameters arising from the endogeneity of the stochastic regressors and the serial
correlation in the regression error terms, the limiting null distribution of the OLS
estimates of the model parameters strongly depends on the nature of the deterministic
trend components in X, ,, which means that a correct use of (2.10) requires to know the
trend properties of these variables. As has been proved in Hansen (1992a, b), the same
applies to the asymptotically efficient estimates obtained when using the Fully Modified
OLS (FM-OLS) estimator proposed by Phillips and Hansen (1990). Moreover, taking

into account that the OLS residuals from (2.3), i, =Y, —m:én , that can be represented as
0, =u —n "m0 Q.11)
although being consistent estimators (under cointegration) of the regression error terms,
0, =u,+0,(n"
trend component of the stochastic regressors.

Thus, the limiting distribution under cointegration of many different functionals based
on the sequence of OLS residuals, such as the partial sum given by

), will also be dependent on the nature of the underlying deterministic

U= 4,=%_u-n"n"T_m,)0,,will also depend on this feature. As a wide

variety of semiparametric and parametric statistics, both for testing the null hypothesis
of cointegration against no cointegration (as the ones proposed by Shin (1994), Xiao
(1999), Xiao and Phillips (2002), and Wu and Xiao (2008)) and for the reserved
hypothesis (see, e.g., the residual-based statistics proposed in Phillips (1987) and
Phillips and Ouliaris (1990)), exploit the information content of these residuals and their
limiting distributions basically depends on the number of stochastic and deterministic
trend components in the estimated cointegrating regression, it could be quite common to
use in practice a wrong set of critical values if we only rely on the specification of the
cointegrating regression without paying special attention to the structure of d,,. With

this in mind, but still relying on the usefulness of the information contained in the
sequence of OLS residuals, next section will present a new testing procedure that
overcome the difficulties discussed above.

3. A new CUSUM of squares test statistic

In the context of testing for stationarity of a univariate time series, Xiao and Lima
(2007) consider, as an extended source of information for determining this type of
behavior, the existence of excessive fluctuations in the bivariate process

z,=(u,u’—c.), with o.=n"Y" u’. In order to define a proper measure of

27t s=1"s *



excessive fluctuation in these two series, these authors propose to built the scaled partial
sum of z, as

[nr] —1/2 z I/l
n'? (”fj =l 3.1)
; Vt -1/2 z[nr (u n) (

Under stationarity (i.e., under cointegration if u, where the regression errors in (2.3)),
the scaled partial sum of centered and squared errors admits the decomposition

[nr]

—1/2zv —n 1/2Z(u 2 Mn_l/zzn:(utz—si) (3.2)
n =1

which, under quite general assumptions, weakly converges to a well-defined limit
distribution. On the other hand, under no stationarity (i.e., under no cointegration) we
have that

[nr]
_5/2["’](u ) (1/"1){(1/”)2(%/\/;)} [ 0,(n™)
n = o t=1 nr ~
<\ v, (1 /n)i[(u[ 1) — ()] (l/n)Z[(u INDY R o

t
(3.3)

so that the behavior under no stationarity is dominated by the second component,
reflecting the violation of the covariance stationarity assumption induced by the unit
root. This result give us the idea to define the empirical version of (3.2) based on the
squared and centered OLS residuals as the basis for building a relatively simple to
compute statistic to test the null hypothesis of cointegration. First, given the sequence of
OLS residuals in equation (2.11), &, =u, — n_“m;t@n , We can write

[nr]

[nr]
(1) %, =(U~n )Z(u )
=1 -
1/2-2x &Y —1[nr] , nr] L A
:(l/ﬁ)2vt+n Q@ |n memm——n Y m, m, |®
t=1 =1 =1
_2n1/2—21<@r( —(1- K)zm u, 7’””] 00 K)zm u]

(3.4)
with &2 =(1/n) X", 4’ the residual variance. Hence, taking the exponent k = 1/2 under
the assumption of cointegration, it is easy to show that the behaviour of (3.4) is
asymptotically determined by (3.2), that is (1/~/n) ZI"'9, = (UNn) 2" v, + O, (n7"?), so

that the limiting distribution of (3.4) under cointegration will be invariant to the
structure and nature of the regressors in (2.3). In order to correctly characterize this
limiting null distribution we only have to define an augmented version of the stationary

error vector &,, & = (u,,v,,€, ), that also satisfy an invariance principle such as
[nr] ut Bu (7")
AN | v, |=| B(r) [=BM(Q) 3.5)
=1 8k,z Bk(r )

where, from the upper triangular Cholesky decomposition of the long-run covariance
matrix Q;, we get B,(r)=, W, (r)+ Y, B,(r), with @, = -, Q,'®, =o' -0, 7,
the conditional long-run variance of v, given €, and vy, = Q;'®, with @, the long-

run covariance between v, and g,,. Following, e.g., Phillips and Solo (1992), and



Ibragimov and Phillips (2008), for a univariate stationary sequence u, given by a linear

process on an iid or martingale difference sequence e, such as u, =c(L)e, =2, ce, .,

with ¢(L)=X7 ¢, X7 ic’ <o, c(1)#0, and E[|e,|""]<oo, m > 2, the limiting
behaviour of the sample covariance is given by

[nr]

(U~/n )Z(Wmh Y. ()= B, (r) = ()W, (r)
for any & = 0,1,..., where v,(h) = E[uu,,,]1=g,1o., g,1)=27,cc,.,, ¢; =0 fori <0,
K (h) = g, (DEl(e; —=6.)" 1+ 0, X7, (g, (D + g, (1), with

K (0)=g;(DE[(e; —0;)"1+40, 7, g/ (1)
when 4 =0, with g__ (l) =g (1). In our case, given that from Assumption 2.2, we have
define u, =c'(L)e,=X7,ce,_,, with o, =c()Z,¢(1), then we obtain the following

decomposition of v,, =u; -G,

=u’ -0 —ZC (e_€_ —Z,)c, +2ZZC (e,_,€ )¢,

s=1 j=0
_Z(c ®c))vec(e,_€_, —X )+222(cm®c yvec(e,_e,_.,)
s=1 j=0

so that the scaled part1a1 sum process of v, is given by

—1/221;0[ Z(c ®c o 1/ZZ“Vec(e, € ,—L)

+222(cm®c Y~ 1”ZVec(et )

s=1 j=0
By application of a multivariate version of the invariance principle for the iid sequence
e, and under cointegration, (3.6) will have a well-defined limiting distribution given by

(3.6)

the Brownian process B, () appearing in (3.5), so that

[nr]

(I//n )Zv =(//n )Zv +0,(n""*)=V,(r)=B,(r)-rB,(1) 3.7)

where V () a ﬁrst-level Browman Bridge process, which can be decomposed as

V(1) =0, (W, (r)=rW, D)) + ¥, (B, (r) - B, (1) (38)
Thus, combining (3.7) and (3.8), we define our test statistic as the maximum absolute
fluctuation of a modified version of the CUSUM of squared and centered OLS residuals
and it is given by

CS, = Z\? ()X, = ()X, (3.9)

1
" \/_(kan(m )t l ,,,,, n
where @2, ,(m,)=&, (mn)—mkv,n (m,)Y¥y,.,(m,) is the usual plug-in kernel estimate of
®:, , with
n—1
@, (m)= Y, w(jm, 1)(74_12,: A j) (3.10)
Jj==(n=1) ‘
and ¥, ,(m,)= Qk_kln (m,)®,,,(m,), the kernel estimators of the corresponding variances
and covariances, with kernel function w(-) and bandwidth m,. It is assumed that both



components of these estimators satisfy the regularity conditions stated in Jansson (2002)
in order to obtain consistent estimates of the corresponding parameters. Also, following

Hansen (1992a,b), the estimates Qkk’n(mn) and ®,,,(m,) are computed by using the

sequence of OLS-detrended observations of the integrated regressors given by the
sequence of OLS residuals in the multivariate regression AX, K =A AT +g, ,, with

A =(A
distribution of (3.9) and the rate of divergence under no cointegration.

A,),and 1, =(7,,,7 ). The following results establish the limiting null

k,m?> m,t?

Proposition 3.1. Limiting null distribution of the maximum absolute fluctuation of the
modified CUSUM of squares statistic based on OLS residuals

Under Assumption 2.2, with finite four moments for the innovations driving the linear

process for u,, and with a kernel function and bandwidth parameter satisfying the

conditions stated in Jansson (2002), then under cointegration
CS, = sup,oyy | W,(r) = rW,(D)| G3.11)
which is the supremum of a standard Brownian Bridge

Proof. This result follows directly from the above results and standard application of
the Continuous Mapping Theorem.

Proposition 3.2. Consistency rate under no cointegration
Under the same conditions as in Proposition 3.1, but under a nonstationary behavior of
the regression error term u,, that is, under no cointegration, we have that:

(]

(@) (1\n)D 9, =0,(nn)

(b) &, ,(m,)=0,(mn"),@,, (m,)=0,(m,/n)
and

(c) CS,=0,(\Jn/m,)

Proof. The above divergence rates can be obtained by making use of standard results in
cointegration analysis based on OLS estimation of a single-equation cointegrating
regression model, as the one specified in (2.3). In any case, the formal proof can be
requested from the author.

4. Finite sample alternative distribution, size and power
The DGP used for the simulation experiment is based on u, =ow,  +v, and

MNiy =My TE€,» &, = og,, , + Cris where §0,t = (Dt’ek,t) ~1idN(0,,,X,,,), with

L= ( % Gij ,and 6;, =6, — 6, L0,
’ Oy Ly '

With these error terms we compute the OLS residuals from (2.3) without specifying any
particular value for the model parameters, where all the results are computed by
generating 5000 draws from the discrete time approximation (direct simulation) to the
limiting random variables based on # steps, with k=1, ..., 5. In this preliminary version
of the paper, and to save space, we only present the more relevant results related to the
power behavior and are displayed graphically.

First, figure 1 display kernel estimates of the density function characterizing the
distribution of the CUSUM of squares statistic under the alternative hypothesis of no



cointegration. For different choices of the parameters determining the degree of
endogeneity and serial correlation of the integrated regressors, we observe a markedly

different behaviour for low, medium and high dimensional regression models in terms
of k.

Figure 1. Nonparametric kernel estimation of the density function of the CUSUM-of squares test
statistics computed under the alternative of no cointegration

Case A. No deterministic component, with sample size n = 200, (G, ¢) = (0.75, 0.50),
and sample size-dependent deterministic bandwidth m,(d) = [d/(n/ 100)1/4]

N
CS(k1T) — CS2 1) 150 / \
CS(3T) —— CS(ka. D) 3 >
e 7 \ CS(kLT) — Cs2.1)

CS(k3.T) —— CS(ka.T)|
=== CSUST

00 05 10 13 20 23 30 33 40 45 50 55 60 a5 70 d=0 B S Y T ¥ R R VR E T R T d=8
Case B. No deterministic component, with sample size n = 1000, (G, ) = (0.75, 0.50),
and sample size-dependent deterministic bandwidth m,(d) = [d/(n/ 100)”4]
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Additionally, figures 2 and 3 display the power profile for relatively small, medium and
large samples sizes for different choices of the magnitude of the bandwidth parameter in
computing the kernel estimates of the long-run variances and covariances appearing in
(3.9) and (3.10).

Figure 2. Power profile as a function of the number of integrated regressors (k), the magnitude of the

01 23 4 s 6 7 s e w0 o1zon 11 16 d=0 05 10 s 20

deterministic bandwidth parameter m, (d)=[d(n/ 100)"*], and the degree of serial correlation in the

errors driving the stochastic trend components ()

Sample size n = 100, bandwidth d = 2 Sample size n = 200, bandwidth d = 2
1 1
09
08
07
06
05
04
03
02
0.1
0 0
1 2 3 4 5 1 2 3 4 5
number of integrated regressors, k number of integrated regressors, k
phi=0 — — phi=025- - = +phi=0.50 — = -phi=0.75 phi=0 — — phi=0.25- = - +phi=0.50 — = -phi=0.75
Sample size n = 500, bandwidth d = 2 Sample size n = 1000, bandwidth d = 2
1 1 —
-------- T e
09 09 N -
08 08 N, R
~
07 07
06 06
05 05
04 0.4
03 03
02 02
01 01
0 0
1 2 3 4 5 1 2 3 4 5
number of integrated regressors, k number of integrated regressors, k
phi=0 — = phi=025= = = 'phi=0.50 — = =phi=0.75 phi=0 — = phi=0.25= = = 'phi=0.50 = = =phi=0.75




Figure 3. Power profile as a function of the number of integrated regressors (k), the magnitude of the
deterministic bandwidth parameter m, (d)=[d(n/ 100)"*], and the degree of serial correlation in the

errors driving the stochastic trend components ()
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Power results displayed in figures 2, 3 corresponds to the case of no deterministic
component in the estimated cointegrating regression. For the case of inclusion of a
constant term, or a constant term and a linear trend, the profiles are quite similar, but
with a slight loss of power, which is a feature commonly shared by many of the existing
testing procedures in this framework. Also, another common feature, also displayed
here is that the power is a decreasing function of the number of stochastic trends, k. For
high dimensional models, as can be seen from figure 1, the limiting distribution under
the alternative becomes right skewed. However, for low dimensional models and
moderate sample sizes, the power is quite high and can be compared favourably with
that of others existing testing procedures.
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