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Abstract

This aticle consders a regulated circular space where consumers and firms are located
in different 9des of the circle. We congder a three stage game in which in the firs stage
the regulator chooses the sze of the arch where firms will be located (the commercia
area), in the second stage firms choose locations within the commercid zone and in the
third stage they compete in prices.
We find that with this type of market configuration and with concave trangportation
costs, there exigs a price equilibrium for every possible firms location. Furthermore,
this equilibrium is unique and characterized by maximum differentiagtion. We dso find
that the optima sze of the commercid area will depend on the objective function of the
regulator and, in paticular, that once a regulaor is conddered, maximum
differentiation, minimum differentiation or intermediate cases may be obtained.

Keywords: gpatiad competition, circular modd, concave transportation costs,
regulator, sequentid equilibrium.
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1. Introduction

This paper dudies optimd urban desgn usng a crcula modd of goatid
competition. We congder the problem of a centrd planner or regulating authority in
charge of dedgning a new city located in a circular space of perimeter 1. In paticular,
the regulator has to divide the circle in two different regions, a commercia area where
firms will locate of length v, and a resdentiad area where consumers will live of length
(1-v). Our am is to determine what is the optima sze of v, that is, how much space
should be st adde for firms which in our modd is equivdent to determining the
optima dze of the population in the city.

In order to dudy this problem we andyze a sandard modd of spatid competition as
a three stage game, where in the fird Stage the regulator chooses the sze of the
commercia area, Vv, in the second stage firms choose locations within v, and in the third
dage they compete in prices. That is, the regulator will choose v, t&king into account
that once the sze of the commercid area is determined, firms will choose their locations

within this area.and then compete in prices.

As in dl modds of horizonta spatid competition a la Hotdling, we assume two
firms sdling and homogeneous product and that consumers will choose to address the
firm who offers the least full price, (mill price plus transportation costs), and we assume
that transportation costs are concave and equa to d-d®, where d is the distance between
the consumer and the chosen firm This is a technica assumption chosen to warrantee
the existence of a perfect location-price equilibrium in the last two stages of the game
The exigence of equilibrium in these two dages dlows us to study the optimd sze of

the commercid areain thefirst stage.

In the literature of horizontad spatid competition it is known that quadratic
trangportation costs functions of the form d® have given good results in terms of
achieving perfect equilibrium, as it is shown in D’Aspremont et a, (1979) for the linear
case and de Frutos et a, (1999), for the circular space. For ather types of transportation
costs functions the results are rather negative. For example, the linear functiont ad, has
been studies by D’Aspremont et a, (1979) for the linear space; and by Kats, (1995)
usng the drcular configuration; in both cases there is no perfect price-location



equilibium usng this function. The transportation costs function:bd®, 1<a £2, b >0,
was sudied by Economides, (1986) in the linear modd. With this function, equilibrium
can only be dtaned for cetan vaues of a . While the linear quadratic function
ad +bd?,a>0, has been andyze be Gabszewicz & Thisse, (1986) for the linear modd

with b >0; de Frutos et d, (1999) usng the circular modd and teking b1 R; and
Hamoudi & Mord, (2005), for the linear space and b<O. In al cases aprice equilibrium
does not exist for every posshle firms locations. For a recent review of this literature
see Brenner, (2001).

Unlike the literature cited above, when a regulated spatid configuration, of the
type we propose, is assumed, the transportation costs function d® cannot deliver a price
equilibrium for every possble firms location as have been shown in Arguedas et d,
(2006). Therefore to determine the optima market Sze in the fird stage of the game, the
space that can be consdered is the circular modd and the only possble transportation
costs function is (d-d?) ®. Other type of regulated space, similar to this model, has been
dudied in Hamoudi & Risuefio, (2006). They condders a circular spatid modd where
firms and consumers are located together in a segment of the circle, the market, whilein
the other segment no commercid activity tekes place. They show that in a two stages
game and with the same transportation costs function assumed in this paper, perfect
equilibrium exigts provided the length of the market is greater than .

As mentioned above, we study a mode of horizonta spatiad competition, where
in the fird dtage the regulator chooses the sze of the commercid area, in the second
dage the firms choose locations within the commercid zone, and in the third stage they
compete in prices. The modd is solved by backward induction: firs we look for the
price equilibrium, secondly we sudy optimal locetions given equilibrium prices, and
findly the optimd dze of the commercid aea is determined teking into account
different welfare objectives of the centrd planner.

We have consdered a first case, which we cal the socialist regulator, where the

central planner only cares about consumers wefare, a second case in which we have

! De Frutos et al (1999) have proven the existence of a maximum differentiation equilibrium in the
circumference model with this type of transportation costs function.



considered a capitalist regulator that only cares about firms profits, and findly, we have
congdered a mixed economy regulator that cares about both consumers and firms
welfare. In the firs case, the regulator minimizes consumers disutility, measured as the
full costs of purchasing the goods. In the second case, the regulator maximizes the sum
of firms profits and in the third case the regulator maximizes totd wefare as the
difference between firms profits and consumers disutility, which is eguivdent to
minimizing total trangportation costs in the economy.

We find that when the regulator only cares about consumers welfare, the optimal
policy for the regulator is to choose a commercid area as sndl as possble, snce
optimad v* = 0. That is consumers are better off when firms face maximum price
competition and get to the Betrand solution, dthough in this dStuation tota

transportation cogts faces by consumers are maximized.

In the second case, when the regulator only cares about firms profits, the optima
gze of the commercid area is 1/3. Unlike the typicd maximum differentigtion result
obtained in the literature, in our modd, dthough the regulator only cares about firms
profits she will not dlow firms to locate at a greater distance than 1/3. This result is
obtained because the decrease in prices due to the relative competition that firms face at

this distance is compensated by the larger demand that alonger resdential areaimplies.

Surprisngly, in the third case, when the socid planner cares about both
consumers and firms, the optima sze of the commercid area is Y2 FHrms prices ae

maximized but the distance travelled by consumers and market demand is minimized.

The remainder of the paper is organized as follows. In Section 2, we present the
modd. Sections 3 and 4 are devoted to andyzing equilibrium exigence in a regulated
market in the prices and location stages respectively. In Section 5, we study the optimal
gze of the commercid area given the results obtained in the previous stages of the game
and under different assumptions about the motivations of the socid planner. We
concludein Section 6.



2. The model

We congder a circular city of length 1 which the regulator has to divide into two
diginct parts, a commercid area, where firms locate, of length 0 = v = % and a
resdentid aea of length 1 — v (see Figure 1). Thee ae two firms sdling a
homogeneous product, with zero production costs, located a x; and Xo,
WithO£ x, £ X, £V.

Consumers are evenly didributed dong the resdentid aea 1-v, and each
consumer buys a single unit of this product per unit of time, irrespective of its price.
Since the product is homogeneous, consumers will buy from the firm who offers the
least delivered price, that is, the mill price plus transportation costs. Let pi1, pe, denote
the mill prices charged by firms located a Xx; and X», respectively. The distance between
consumer x and firm i is given byd, =|x-x|, i=12. We will consder tha

transportation costs are concave. In particular, we will assumethat C(dj) = (di-d%) (1)

Although consumers can only be located within 1-v, consumers can travel dong
the whole circle and they will aways take the direction that implies the shorter distance

to the chosen firm.

The mode described above gives rise to a three-gage game in which in the firgt
stage the regulator chooses the size of the commercid area, v, in the second stage firms
decide smultaneoudy their location and in the third dage they smultaneoudy choose
prices. The choice of the trangportation costs function described in (1) is a technicd
assumption that avoids non-exisence of equilibrium problems in the second and third
stages of the game.

In order to determine the market boundaries and derive the demands faced by

esch firm, we will have to find the margind consumers. A consumer is indifferent to
buying from onefirm or the other if and only if: ~ p, +C(d,) = p, +C(d,) (2

That is, aconsumer isindifferent if she faces the same full price from the two firms.



Figure 1: Thecircular city

Since consumers will travel to firms taking the direction that minimizes the distance
to the chosen firm, there are three possble indifferent consumers in the resdentid area
each one bdonging to a different segment of the circumference given by xa 1 [v,
X1+¥3), Xg 1 [Xa+¥s, Xo+¥2], and xc 1 [xo+Y%, 1], respectively (see Figure 1). In order to
cdculae the location of the indifferent consumer let g = X3 + Xpo and z = % — X1
subdtituting (1) into (2) and computing the expresson for the margind consumers, it
turns out that

a:xA:xB:xC:%+%+%,forv£a £1 ©)

Every consumer x £a will buy from firm 2.

Condition (3) isequivdentto: - z(1- 2v+Qq)£ p,- p, £ z(1- Q) (4)



Consequently, the demand function of firm 1 can be expressed as follows?

11-v P - P, £-2(1- 2v+Qq)
Dl(pl’ pz’Xsz’V):}_l' a - Z(l' 2V+Q) £ Pi- P, £ Z(l' CI)
10 Z(1- )£ p,- P,

Note that in this modd totd market demand as wdl as firms individud demands
depend on v. This means that the tota number of consumers in the city is a variable to
be determined within the modd.

In order to anadyze the modd we will stat by seeking for equilibrium in the prices
dage, we will then turn to look for equilibrium locations given equilibrium prices found
in the previous sage, and findly we will andyze the optimad market Sze under three
different perspectives, that we denote as the socialist regulator, the capitalist regulator

and the mix-economy regulator.

3. Price Equilibrium

We define a non-cooperative price equilibrium as

For agiven v (the commerciad areg), and firms locations, a Nashprice equilibrium is
apar (1 (X1, X2, V), P2 (X1, X2, V) ) such that each firm selects the price which maximizes
profits, conddering the other firm's price as given. Therefore, no firm can rase its
profits by changing its price unilateraly.

That is (p1 (X1, X2, V), P2 (X1, X2, V) ) stidfies B(pi, p ) =B (o, pj ), fordl i and |,

it.
Since production costs are zero, firms profits are:

Bi(pt, @, X, %, V) = D(p1, @, X1, %, V) pi, subdituting in the demand functions the
expresson for the indifferent consumer, we obtain the following profit functions

2 The corresponding demand of firm 2issimply D, = 1-v—D;



(- ) b - D, £- 2(1- 2v+0)
.
B (s, P2 %, %, V) = .plgpz i T AL LR L )
io Z(1- Q) £ p, -
iO p- p,£-2z(1- 2v+Q)
1- 2v{
B, (P Par X %, V) = |p28'°12 p2+g+ > g - Z(1- v+ Q) £ py - p, £ 2(1- Q)
fp, (- v) zZ1- Q£ p,-

Given that the profit functions are quasi-concave in prices, the existence of a price

equilibrium is assured whatever the size of the market, v, and locations of firms, Xi, Xz,
may be.
We now characterize the equilibrium in the following propostion.
Proposition 1. For 0 = v= %, there exist a unique price equilibrium given by:
=13 z73-g-2V) = (U3)z(3 + q—4v)

Pr oof:

ﬂ_ = O’ ﬂ
T, T,
(/3) 23—q-2V), p2* = (1/3)z(3 + q—4v).

Udng the first order conditions, =0, gmple cdculatios lead to the
solutions: p1* =
We must now veify that these solutions satisfy the price intervd for which demand

exigsgivenin (4):

The left hand dde of the equation requires. %2(3- 2q- 2v) >0; while the right hand

dde of the eguation is eguivaent to: %z(3+q- 4v) > 0; both conditions are dways

satisfied for any possble firms locations. Therefore, we can conclude that there exists a

unique price equilibrium.,

Usng the equilibrium prices obtaned above and subdituting z and q by its expressons

(g= x1+ x2and z= x2— x1) equilibrium profits can be written as:



. 1 . 1
B, (x,, Xz,V)=E(X2- X)(3- X = X, = V)%, By (X, %,,V) :E(Xz' X)(3+X% + X, - 4v)*.
4. Location Equilibrium

We turn now to the second stage of the game. We will compute equilibrium locations,
gven the sze of the commercid area, v, and taking into account the equilibrium prices
p1*, p2*, obtained above. A price-location equilibrium is defined as a location pair
X v),%,(V)], and aprice pair |p; (,%,,v), P (X;,X;,v)|such that:

Blv.x, X, B (v %), B (v X 6)]E BV X B (v X X)), B (v X X))
For"i,j=12i* jand" x 1 [0,V]
Proposition 2:

For 0 =v= %, there exist a unique location equilibriumgivenby: x;, =0, x; =v

Pr oof:

Usng the firg order conditions, 111;1 :0,%=0, ample cdculation shows that
1 2

%:O, is equivalent to(3- X - X, - 2v)(3- 3x, +X,- 2v) =0, while E=O, is
X

equivdent to (3+ X +X, - 4v)(3- x +3X,- 4v) =0. To find the solution we must solve
the eguations system given by:

1(3- X - X,- 2v)(3- 3x, +X,- 2v) =0
}(3+x1+x2 - 4)(3- X, +3X,- 4v) =0

Solving the sysem different solutions are obtained none of which saidfies the

conditions uponx, ,X,ahd v. We find that %<0 and % >0. It follows
Xl X2

that B, (X, X,,v)reaches a maximum atx (v)=0, whileB;(x,X,,V)reaches its

maximum a X, (V) = v, Therefore, there exist a unique location equilibrium.



The reslt is the wel-known principle of maximum differentiation obtained in the
literature when quadratic transportation costs functions are assumed. Firms choose the
two extremes of the commercia area to keep price competition as low as possble. This
result is relevant snce, as mentioned above, when regulated markets are considered,
other cods functions that give good results in terms of equilibrium exisgence in the
dandard modd have been proven to exhibit equilibrium-existence-problems when
regulation is introduced.

Given tha the optima locations arex, (v) =0, X,(v)=v; subgtituting in the previous
functionswe obtainthat: B (X, X,) =B, (X,,X,) :%v(l- V)2

And the corresponding demand functions and prices are;

D1 (Xi 'Xz) = Dz (X1 1X2) :E(l' V) ' Py (X1 7X2) =P (Xl,Xz) = V(l' V)

The indifferent consumer isthena ™ = “TV

5. Optimal size of the commercial area

To end the andlyss of our modd, we will focus our interest in searching for the optima
gze of the commercid area, v*, (or equivaently, the optima size of market demand)
given the results obtained above. More precisdy we will denote by v* the optima

drategy of the regulator such thatv* = ArgMaxW(v) s.t. OEVE% , Wwhere W(v) is the

regulator’ s objective function.

Wewill consder three possible specifications for W(V):
W,(¥) =- [pL- V) +Cr(V)], W,(v) =B +B; = p(L- V), Wy(v) =W, (V) +W, (V)

Where p=p; (X,%)=p, (X,%)=v(1- v)and C(v) is the tota transportations cost
endured by al consumers, given the optima locations obtained above, and defined as:

10



I+v

Cr(v) = @u[@- %) (- ?ax+ §F [(x- v) - (x- v)?]ax

where the first integral corresponds to the transportations costs paid by dl consumers
that address firm 1 and the second integrd to the transportation costs paid by dl

consumers that address firm 2.
. 1 v 5
Itiseasy to check that C; (v) :E- E(3- Vo).

We ae going to andyze the optimd size of the commercid aea depending on the
objective function of the regulator:

Case 1 The socialist regulator: The regulator is only concern about consumers welfare
and maximizes W,(v), which is equivdent to minimizing consumers full cods of
purchasing the goods, that is, mill prices plus transportation costs, i.e.

MaxW,(v) O Min[- W,(v)]=Min p(1- V) +C, (v) st. 0£v£%

We obtain that the solution is given by v*=0.

And the corresponding equilibrium locations and prices are given by: x;, =x, =0 and
P, (X (V)X (V'),V) = p, (% (V),%(V),v)=0. Therefore, equilibrium profits are zero

and the corresponding demands are given by: D, =D, = % .

This result implies that consumers wefare is maximized when firms are forced
to compete a la Bertrand and prices are driven to the perfectly competitive outcome
even if this means that the distance that consumers have to travel to purchase the goods
is maximized. An dternative interpretation in terms of product differentiation is that
product variety cannot compensate consumers for the increases in  prices that
customized products imply. Note that with this welfare function the sze of market
demand is maximized and equd to 1. The result obtaned is in the tradition of the
minimum differentiation principle as dated by Hoteling (1929), but as opposed to this

11



atide and others’, minimum differentiation is obtained as the result of wefare

maximization ingtead of as the outcome of a non-cooperative Nash game.

Case 2. The capitalist regulator: The regulator is only concern about firms profits and

maximizes W, (v).The solution to this problen is given by:v’ =%. And the

corresponding  equilibrium  locations and prices ae given by: x, =0 x;:% and
N o, w iy kg, xn a2
P (% (V)3 (V). V) = P (% (V). (V) v ) =0 =0.22.

The  corresponding  demand  and profit ~ functions ae gven by

Df*(O,v*)=D;*(O,v*)=%=0_33 and Bf*(o,v*)=|3;*(o,\,*):2_27

=0.074

The solutions obtained under this wefare function may seem rather surprising
gnce, dthough firms choose locations a oppodte extremes of the commercid ares,
total profits are maximized when they locate a a disance of 1/3 from each other. This
result differs from the standard solution with quadratic transportation costs, when a non+
regulated circular market is conddered, of maximum product differentiaction and firms
locating at a distance of Y2 from each other. The outcome is due to the fact that in our
modd, when the regulator chooses the sze of the commercid area, what is being
determined is the optimd dze of maket demand, that is the optima number of
dwdlers of our modd city. As firms move apat from esch other equilibrium prices
increase but market demand, and therefore the demand faced by each firm, decreases.
However, a a distance of 1/3 firms are relatively protected from competition, prices are
positive and demand is large enough to maximize profits.

Case 3. The mix-economy regulator: The regulator maximizes socid welfare taking into

account both consumers and firms welfare. In this case the regulator objective function
is W,(V)=B,+B,- p(l- v)- C,(v). Subdituting B,,B, for ther expressons we

obtain W,(v) =-C;(v). That is, n this case, the dyjective of the regulator would be to

minimize the tota cods function, Cr(v). The solution is given by V' :%. Equilibrium

3 Although the results on Hotelling’ s article were proven to be wrong (D’ Aspremont et al, 1979) other
articles have obtained the minimum differentiation solution.

12



locdtions are: X, (v*)=0; x;(v*):% and equilibium prices are p; = p’;:%:O.ZS.

The profit functions ae B =B, :1_16 =0.0625 and the demands ae

When the wefare of both firms and consumers is conddered the principle of
maximum differentiation is restored. The reason is that in our modd tota revenue pad
by consumers to firms from purchasing the goods is equd to totd firms profits. When
the regulator maximizes socd wdfare it is equivdent to minimizing tota trangportation
costs across the economy. In this case, firm prices are maximized but transportation
cods and demands are minimized, that is, the optima dze of the population of our
mode city under this assumption is only Y2 of the circumference. Note, however, that
this result differs in interpretation from the one obtained in the traditiond two stage
game. In the gandard modd, the maximum differentiation principle is the outcome of a
non-cooperaive Nash equilibrium and as such, the solution is not necessxily a socid
optimum. However, in our case, the maximum differentigtion principle sems from a
problem of welfare maximization, where the interests of dl parties involved has been
considered and the socid optimum is achieved through a demand adjusmert. The
intuition behind being that transportation costs are a sort of dead weight loss to the
economy that do not accrue to consumers or firms. The result implies that maximum
product differentiation is optima provided that the digance that consumers have to
travel from ther preferred variety to the offered one is not large.

6. Concluding comments

In this paper, we have conddered a regulated circular space where firms and
consumers are redricted to locate in different Sdes of the cirde. We sudy, under
concave transportation codts, a three stages game in which in the first stage the regulator
chooses the dze of the commercid area, in the second stage firms choose locations
within the commercid zone, and in the third stage they compete in prices. We find that
with this type of maket regulation, unlike when convex transportetion cods are

13



consdered, there exists a unique price-location equilibrium. This result is rdevant since
under location redrictions, the choice of other type of cods functions leads to
equilibrium exigence problems as have been shown in Arguedas et dl (2006) and
Hamoudi & Risuefio (2006). Furthermore, we find that when wefare consderations are
made, the optima sze of the commercid area will depend on the objective function of
the regulator with optimdity being achieved through adjusments in the dze of market
demand.

We find tha depending on the socid wefae function consdered, maximum
differentiation, minimum differentiation or intermediate cases may be obtaned. When
the regulator is only concerned about consumers welfare, the socid optimum is
achieved when firms are forced to locate sSde by sde and prices are driven to the
competitive solution even if that means that no product variety will be offered, so that a
result in the tradition of the minimum differentiation principle is obtained. However, in
our modd, minimum differentiation is achieved as the result of wedfare maximization
inead of the outcome of a non-cooperative game. On the other hand, when the
regulator is assumed to be only concerned about firms profits, socid wefare is
maximized when firms locate a a disance equd to 1/3. This result differs from the
gandard solution in the literature of maximum product differentiation because as firms
move gpat from each other equilibrium prices increese but market demand, and
therefore the demand faced by each firm, decreases, tha is there is trade off between
demand size and equilibrium prices leve. Fndly, when the regulator takes into account
both consumers and firms, the principle of maximum differentiation is restored since the
optima size of the commercid area is hdf of the circle and firms locate a a distance of
% from each other. In this case, maximizing socid wefare is eguivdent to minimizing
total transportation costs across the economy, and the sze of market demand is
minimized. The result can be interpreted as an argument for the optimdity of maximum
product differentiation when consumers tastes are not very far gpat from the varieties
offered in the market.
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