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Abgract: This aticle condders a modd of gspatid competition where firms and
consumers are located in a semicircular space rather than in the whole circle (Sdop's
model) or the linear city (Hotdling's model), under the assumptions of both, convex
and concave, transportation costs.

The paper tries to generdize the results of the two previous modds. We find that the
exigence of a price equilibrium is waranted for every firms locaion when the length
of the semicircular spaceis grester than 3/4.

Resumen: El articulo consgdera un modelo de competencia espacia donde las empresas
y los consumidores se locdizan en un epacio semi-circular en lugar dd circulo
completo (modelo de Sdop) o la ciudad lined (modelo de Hotelling), bgo & supuesto
de costes de transporte cuadréticos.

El trabgo intenta generdizar los resultados de los dos modelos anteriores. Ehcontramos
gue la exigencia de un equilibrio en precios esta garantizada para cuaquier locdizacion

de las empresas cuando lalongitud ddl espacio semi-circular es mayor que 3/4.
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1.-Introduction

In most urban configurations, we observe the exisence of portions of land
devoted to non-resdentia purposes. We can find environmentdly protected aress,
parks, recregtiond facilities, eic. When consdering urban design, regulators have to
decide whether they should leave some part of urban land for this type of recrestiond
activities, and if they do so, what is the optima sze of these non-residentia aress.

These zones represent a discontinuity in the market Snce neither consumers nor
firms can be located within them; however, it is possble to find consumers and firms
adjacent to both ends of these restricted aress.

In order to dudy the implications of this type of urban configurations, we
condgder a circular spatial modd, where there is assgment where people live and firms
locate, that we shdl refer to as the narket, and another segment that can only be used
for non-residentid purposes. (Seefigure 1)

In this context, a three-stage game can be conddered in which in the fird dage
the regulator chooses the size of the market, in the second stage firms choose locations
and in the third stage firms compete in prices.

We will consider that the regulator chooses the length of the market in a non
drategic manner; therefore, the modd we present, once market sze is given, can be
reduced to a two-gage game in which firms firs choose location, and then compete in

prices.

This modd can be thought of as a synthess of the circular and linear spatid
modds. If the sze of the market is haf of the circumference, 1/2, or less, the modd is
equivdent to Hoteling's (1929) linear city, while if the gze of the market is the whole
arde, I, we are in Saop’s (1979) configuration. We andyze the exisence of a price
equilibrium when the market segment, h, is restricted to be lessthan |.



Together with market <space configuration, industry  dructure, demand
digribution and the type of transportation costs function assumed are fundamentd in
defining a spatid modd, and these choices will determine the exisence or non+
existence of equilibrium.

The so-cdled exisence problem of equilibrium has produced a large humber of
academic works in which different assumptions about number of firms, consumer's
dengties, transportation costs functions, etc., have been made. For a revison of the
semind papers of this literature see Gabszewicz and Thisse (1986) and the references
cited within it.

As mentioned above, an important line of research has dedt with the type of
trangportation costs functions that can ensure equilibrium exigence in both, the linear
and circular modds. In the linear modd, D’Aspremont et a. (1979) used a quadratic
trangportation costs function and showed the exisence of a maximum differentiation
equilibrium.  Economides (1986) <udied the function C(d) =d®, 1l£a£2 and
determined the vaues of a for which price equilibrium exigs Gabszewicz and Thisse
(1986) and Anderson (1988) have dudied the transportation costs functions C(d)
—ad+bd?, a>0, b>0, and found that a perfect equilibrium does not exist for every
possble firms location; while Hamoudi & Mord (2005) showed that, with concave
trangportation costs, equilibrium cannot be attained.

In the circular model, Anderson (1986) dudied equilibrium existence for convex
trangportation costs functions. De Frutos e a. (1999) have andyzed convex and
concave trangportation costs functions and they have proven the exigence of
equilibrium for any location of firms for the functions: C(d) = k(d-d?) and C’ (d) = kd?.

We will make the gtandard assumptions of two firms sdling a homogeneous
product, consumers evenly didributed a long the market segment, and we will sudy the
exigence problem in our modd using the two linear quadratic functions that ensure the

exisence of aperfect equilibrium in pure Strategies in the circular modd.



We find that there exists a price equilibrium for any location of firms provided
thet the length of the market segment is greater than approximetely %, . Furthermore, this
equilibrium is unique and implies firms locating opposte to esch other. However,
unlike the results obtained in the circular modd, the equilibrium is not symmetric since
one of the firms endures a competitive disadvantage due to the market discontinuity. If
h is smdler thany,, we find that, for certain values of h and firms locations, there is a
grip where no price equilibrium may exis. Neverthdess, there are many combinations
of market Szes and firm locations for which equilibrium can be obtained.

When we compare the intengity of competition, given the sze of the market, we
find that competition is more intense for low vaues of h, and the equilibrium region is

sndler.

The paper is organized as follows, in section 2 we present the model under the
hypothesis of both concave and convex transportation codts, in section 3 we study the
exigence of eguilibrium, section 4 contains the conclusons, and findly maor proofs
and graphs can be found in the appendix.

2.- The Model

We consder a circular city of length | where the regulator chooses the sze of the
market, h, so that firms and consumers can only be located on a certain segment of the
crde h£Il. There are two firms sdling a homogeneous product, with zero production
costs, located at x andy, WithOE X£E y £h.

Consumers are evenly distributed aong h, and each consumer buys a sngle unit
of this product per unit of time, irrespective of its price. Since the product is
homogeneous, consumers will buy from the firm who offers the leest delivered price,
that is, the mill price plus transportation costs. Let p;, p2, denote the mill prices charged
by firms located & x and vy, respectively. The distance between consumer z and firm i is
given byd, =|z-i|, i=x,y. We will consider two possible types of transportation costs:

concave and convex. In particular, we will assume the only two cost functions from the



linear quadratic family: C(d) = k(di-di®) and C'(di) = kd?, that have been shown to
ensure exigence of a perfect equilibrium in pure draegies in the circular modd. (See
De frutos e dl., 1999). These two cogt functions are drategicdly equivdent, and
therefore, the equilibrium results obtained in one case can be immediatdly trandated to
the other by an appropriate change of variables, (See De Frutos et a, 2002)

Although firms and consumers can only be located within h, consumers can
travd dong the whole circle and they will dways take the direction that implies the
shorter distance to the chosen firm

The modd described above, given that the regulator behaves in a nondrategic
manner, does give rise to a two-dage game in which firms fird decide smultaneoudy
their location and then smultaneoudy choose prices. It turns out that the solution to this
game depends criticaly on the length of the market segment, h.

In order to determine the market boundaries and derive the demands faced by
eech firm, we will have to find the indifferent consumers. A consumer is indifferent to
buying from one firm or the other if and only if:

p, +C(d,) = p, +C(d,).

That is, a consumer is indifferent if she faces the same full price from the two firms.

We find that, depending on the length of h consdered, one or two indifferent
consumers may exis dmultaneoudy, and different price intervas, Iji, for which demand
is defined, will be obtained. We will only present the demand for firm 1, snce demand
for firm 2, isdways given by:

D,=h- D,

2.1.-Concave Transportation Costs

The transportation costs function faced by consumersis given by:
C(d) = k(di-d?). We assume, without loss of generdity that | = k = 1 x = 0 and
O£LYyEL2.



When the market length consdered is the whole cirde (See figure 1), four
possble indifferent consumers are found, each one bedonging to a different segment of

the drcumference given by: m1 [0, y], m,1 [y, ¥4, mT [%, y+¥, m'"T [y+%, 1],
however mp=my’=nv,"". Therefore, only two diginct indifferent consumers may exis: an

indifferent consumerm 1 [O, y] and, an indifferent consumer, that we will denote, my,

m, 1 [y.1], given by thefollowing expressions

— P, - pl_,_l 1
m 2 y) 2 @

_P- P y 1
m=——--—+=+— 2
oy T2 2

Both belonging to the pricesinterva: - y(1- y) £ p,- p, £ y(1- Y)
If we redrict the length of the market to h,y£h£1, there are two distinct cases to

consder:
Eitheey£Em,£h, and there exist two indifferent consumers, m,1 [O, y], belonging to

the full prices interval, as above, and an indifferent consumer m, 1 [y, h], belonging to
thepriceinterva - y(1- y)£ p,- p, £ y(2h- 1- y).

On the other hand, ifh£m, £1, there is only one indifferent consumer, my, for the prices
interval y(2h-1- y) £ p - p, £y(1- ).

Every consumer m£ m and every consumer m3 m, will buy from firm 1.

Demand for firm 1isgiven by:

Ioh for  p-pl I
o | m+(h-m) for o- p1 Il
Fim for p- Pl I
fo for  p-pl I}
Where:
1P=[-¥,-y@-y)],  12=[ y@- y)ych- y-0], 1E=[yh- y- 9, y@- y),

12 =[y@- y),+¥]



2.2.- Convex Trangportation Costs

As has been shown in De Frutos et dl., (2002), in the circular modd, for any
convex trangport cost function there exists a concave one such that the location-then
price games induced by these functions are drategicaly equivdent. In paticular, they
show that in a circular market, for any consumer m facing a concave transportation cost
function, there is another consumer n facing a convex transportation cost function
whose utility is a monotone transformation of the utility of m, and therefore, n will buy
to the same sdler as m. We use this result, and an appropriate transformation of

variables (see figure 2), to study the convex transportation costs case.

Let C(d) = kd? andthat | = k= 1, x < y and y=1/2. Inthis case, and for the
whole crcular maket we obtaned two types of indiffeeent consumers
n=n'=n"T [0,x+] and n,T [x+1 1], given by:

- b-

=) ©
p- P, 1

e A b (4

Both defined for the pricesinterva: - (- x)(%+X) £ p,.- P, £(%- X)(}+X) -

Every consumer n £ n, and every consumer n 3 n,will buy from firm 1.

When we redrict the length of the market toy £h £1, Eithern, £h, and there are two
indifferent consumers, n, T [0, x+4], defined for thefull pricesinterval, as above, and

n,T [x+1,h], belonging to the prices interval
[ 05- 0 +0E p- p G5+ 2)(2h- (5+%)- 1),

or hf£nand there is only one indffeeent consumer, n;, defined in

[((+X)(2h- (B5+X)-DEp, - p, £F- N(FH+X)]
Demand for firm 1 isgiven by:



ih for p- p,1

. 1
b =l m*(h-n) for — p-plly
toin for p- p,i 12
fo for p- p,l 12
Where:

12=[- ¥,- (% N@+X)], 12=] 04~ )04+ %), (% +X)(2h- (%5+%) - D]
12=[(+X(2h- (5+X)-1,%- K%+ X)], 12=[04- X)(F+X),+¥]
Note that the results obtained are identica to the concave case fory = (% + x) . Since the

demand functions are identical to those of the concave case, we will only have to study

equilibrium for one of the cost functions.
3.- Equilibrium

Given the sze of the market, h, and usng the usua approach for a two-stage
non-cooperdtive game in which firms sdect a podtion a the firs dage and
subsequently set their prices, we sudy the subgame perfect equilibrium. We recdl that

a perfect price-location eqilibrium is defined asapair (p!' ,0), (pY', y" ) such that:
0 p" =pM0.y".h) and p)' = p(0.y".h),

(i) B,(0,y",h, py' (0,y™,h), p; (0,y",h)) 2 B,(0,y,h, p;' (0,y",h), p; (O, y",h))
"yi[oy].

Where (p",p)')is a Nash equilibrium in the price subgame when the locations choice
isfixed.

We will now compute the equilibrium of the price subgame. A Nash equilibrium in the
price subgame will be apair of prices (p*, p) ), such that :

p!' = ArgMaxB(p,, p)'), p = ArgMaxB(p", p,)

R P
Since production costs are assumed to be zero, the profit functions for firm i are
gvenby B - pi D, i =1,2. Therefore, the expressons for the profit functions for firms 1

and 2 are given by:



1

I hpl for P - pzT 5
ip( P BNoD) for p- Pl 13
B = 2y(1-y) 2 (5)
T Pi- P Y 71
| +2L f -p,l
! pi( 22 ) or - Rl 1
{0 for p- p,I 15
.i. 0 for P - pzT I1l
i - -
i Py p2+y) for p-pl 13
B =| 21-y) 2 (6)
| op( SRR o el
i 2y(1- y) 2
thp, for p - pl I}

If we look at the profit function of firm 1, it is obvious that no price equilibrium
can exig in regionl,, snce firm 1 could adways benefit from lowering its price and
capturing some demand from firm 2. The same reasoning gpplies to firm 2 in region I,
therefore, in order to explore possible equilibria we can restrict ourselves to regions
l;and 1;. However, the profit functions are not concave in prices and they could

exhibit different configurations. In paticular, they may exhibit one or two locd
maxima. Depending on the vaues of y two cases may arise, one in which the globa
optimum belongs to regionl ; , and ancther in which the globa optimum belongstol ;.

3.1.- Equilibrium in Region 1,

For this pricesinterva two indifferent consumers exi<t.

Computing the first order conditions for the profit functionsin| , we obtain:
1 1

p =§y(l- y)(4h- 1) ad  p," 3 y(d- y)(2h+1) (7)

and profits are given by:

B.(p!", p) = %y(l- y)(4h- 1)?and

10



B, (P!, pi) = 1—2 Y- y)(2h+1)? ®

Proposition 1: The pair (p,**(0,y,h), p,*(0, y,h)) condtitutes a Nash equilibrium if and

onlyif (h,y)T R,where R :Il (h,y) | h3 h,,where h,(y) = 1+ ZNNP
i 4- v}

Proof: See Appendix

Proposition 2: There exists a subgame perfect price-location equilibrium if and only if
h3 0,733 and then, this equilibrium is unique and is given by:

L1 4h-1 L 2h+1
=—, O ) ) ah =
y =3 py O,y",h) = BTH p> 0,y",h) T

Pr oof:

From propostion 1, there exists a price equilibrium ifh3 h,(y), however, smple

fhy, _ 9
v 2)y@-y)?

1, «J2+2

maximum fory:% (see figure 4) and hlz(E)

caculaions show that h,(Yy)is increesng ( >0) and reaches a

» 0,733, therefore"” h3 0,733

42-1

there exist a price equilibrium for any firmslocation.

If we look a the optimal location of firm 2 (given that the location of firm 1 is fixed &t

0) wefind that Bso b y=y" =%.Substituting yby% in the expressions of
4h-1 2h+1
p*(0,y,h) and pi*(0, y,h) weobtain p) (0,y", h)_?, ol (0,y",h) = - -

3.2.- Equilibrium in Region 1;

For this pricesinterva only one indifferent consumer exigs.

Computing the first order conditions for the profit functionsin 1, we obtain:

“el0-yehe)  ad  pPEIE-y-) O

11



and profits are given by:

1
B(p% p;? :E(l' y)(2h+y)*and

B,(p*?, pi?) = 1—2(1— y)(4h- 12 (10)

Proposition 3: The pair (p,*?(0,y,h), py?(0,y,h)) condtitutes a Nash equilibrium if and

1 1T . —\I — y( y) u
only if (h, y) | Rz ,Where. R, =i (h,y)| h£ h,,,where,h,, = / ()]
2 ’:‘ | hﬂ 2 2(2y+1)%

Proof: See Appendix.

Corollary: if h<0,733, thereis no price equlibriumin region R defined by:
R={(h,y)/h,(y) <h <hy,(y)}

Proof:
Ristheintersection of the two complements of regionsR, and R, .
Fgure 6 combines the two equilibrium regions depicted in the previous two figures. As

can be seen from the graph, there is only anarrow drip where no equilibrium exists.?

In figure 4 the equilibrium area for region | is depicted, dl points in the shaded
area are possble equilibria Note that for h3 0,733there exigs a price equilibrium for
every possble location of firm 2. That is, provided that the regulator does not devote an

area greater than a quarter of the city Sze to nonresdentiad use, this type of urban
configuration does not pose any equilibrium problens.

When we look a the optima location of firm 2 in regionl}, when there are two
indifferent consumers, we find thet firm 2 benefits from moving away from firm 1 and
locating a the opposite boundary of the market segment where m; exigts. The reault is
equivalent to what we obtain when we congder the complete circular modd: there are
two indifferent consumers and firms locate opposite to each other and equidigtant to the

two indifferent consumers. However, in our mode the competitive Stuation of the two

12



firms is not the same. In the market segment [0, ¥4, where the indifferent consumer my
exids, the gtuation of the two firms is symmetric and that is why firm 2 will choose the
oppodte extreme to firm 1. However, when we condder the left hdf of the
crcumference, firm 1 is located a the edge of the nonresdentid area, and therefore
this Sde of its potential market is redricted, as a result, firm 2 may charge a larger price

and obtain larger profits than firm 1.

Figure 5 shows the equilibrium area for regionl;. All points belonging to the
shaded area (above theline h = y), are equilibrium candidates.
When we look a the optima locaion of firm 2 in this region, we find
18, _
Ty

that - %(4h- 1)’ <0and therefore, firm 2 will tend to move towards firm 1. In

regionl; there is only one indifferent consumer and the market resembles the linear city

case, given that firm 1 is fixed & 0O, as firm 2 moves closer to firm 1 it squeezes the
demand of firm 1.

If we look at the prices differences of the two equilibrium regions we obtain:

- 2yd- Y)A- ) o pre - 2yA- y)(h-y) _,
3 3

We can see that, in both cases, the price of firm 1 is smdler than that of firm 2, this can

— N2 N2 _
=P - P = ’

DN = plNl_ le=
2
be explained, as mentioned above, in terms of market configuration snce firm 2 has

more potentia customers than firm 1.

Also, when we compare the prices differences in both regions, D! and D2, we
find that: DM - D2 = 2 2Y{- y)(;‘(l' N*2Y) 50 for all (hy), so D >D"2. This
implies that the intendty of competition is stronger in the second case than in the firg
one. This is not surprisng snce market sze is smdler in the second case than in the

fird and this must induce stronger competition. This can explan why the equilibrium
region of the second case is smdler than thefirst one.

13



4.- Conclusions

In most urban configurations, the existence of portions of land devoted to non
resdentia purposes is observed. In consdering urban design, regulators have to decide
what the optima size of these non-residentia aressis.

In this article we propose a circular mode of spatia competition in which the market is
resricted in order to dlow for a nonresdentid area. Adde from this discontinuity in
the market, we make standard assumptions and use the two linear quadratic functions

that have been proven to ensure the existence of price equilibrium in the circular mode.

We find that, provided the regulator chooses the sze of the market ssgment to be
greater than gpproximately ¥, (h3 0,733),there is a subgame perfect price-locaion
equilibrium and this equilibrium is unique However, this equilibrium will not be
symmetric, snce the firm located adjacent to the market discontinuity will endure a
competitive disadvantage. On the other hand, if market size is chosen to be less thany;,

for cetan vadues of h and firms locations, there is a narrow rip where no price
equilibrium may exit. As usud, equilibrium falure is due to the non-convexities
exhibited by profit functions.

14



5.-Appendix

Proof of Proposition 1:

In order for (p,**, p,'") to be aprice equilibrium, the following conditions must be met:
@ p"- ptT 13
(i) B,(py " ) % Bi(p, Py )" By

(i) B,(p", P32 By(p" P)" P,

Condition (i) Impliesthat:
a) - yd- y)£ p!'t- p)* Whichisadwaystrue, and
b)p" - pp  £y(2h-1-y)

Which holdsif andonly if: h? h,, where hy, =-&+Y)

2(2+ y)
So (p™, ps'") could be aNash price equilibriumif y and h belong to the s&t:

R: ={(hy)| he by}
In order to verify condition (i) we have to check, for p)*given, what is the maximum
p, for B(p,,p;")in 15 whichisreached at:

8 p; = pM+y(2h- y- 1), inthiscasewehave B,(pM, pl) >B,(p", pi*)

b) p, =%y(1- y)(2h+1), Where p; >p)*+y(2h- y- 1), and the profit function for

fim 1 is gven by: B(p", pi%) =%3(1- yly@+h) ]2, some smple calculation then show

1+2,fy
4- .y’

In order to verify condition (iii) we have to carry out the same andysis for firm 2:

thet B,(p™™, p*)2 B/(p,", p)*) foral (h,y)suchtha h3 hy,, where hy,=

Given p/t, the profit function of firm 2, Bz(plNl,pz) has only one maximum for
p,1 [0,+¥), that isreached &t p; = p)*, thuswe have Bz(pl’“, ple)3 Bz(plNl, pz)' p, .

Therefore, combining conditions i, ii, iii, we obtan tha(p'', p,')is a Nash price
equilibiumforh® h;, and h3 h,,.

15



However, we dso verify that h,>h,>y, (See figure 3, therefore (p**, p;'!) isa Nash

price equilibrium in the regionR, defined as:

R ={(h,y)| h3 h,} (Seefigure4)

Proof of Proposition 3:

In order for (p}'?, p)'?) to be a price equilibrium, the following conditions must be met:
") p**- p%1 1
(i) B(p"* p27) % B(p, )" 1y

(i) B,(pr'*, p2*) ® Bo(PL™ )" Py

Condition (i") implies thet

8 y(2h- 1- y) £ pl- p) Which holdsif and orly if, h £ h,, where h,,= YO+ Y)
202y +1)

b) p'? - pN? £ y(1- y) Whichisadwaystrue.
So (p'?, py'?) could be aNash price equilibrium if y and h belong to the sat:

R, ={(h.y)| h3 ]

In order to verify condition (ii’),

Givenp)?, and consderingR,,, we veify thaB, (p,, p,'?) admits a globd maximum

inp, = py’?.

condition (iii’),

Smilaly, givenp,'?, and condderingR,,, we veify tha B,(p,'?,p,) admits a globa

maximuminp, = p)°.

Findly, (p'?, p)'?) isaNash price equilibrium in regionR, defined as:
R, ={(h, )|y £h £ h,,} (Seefigure 5)

16
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