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Abstract

In this paper we analyze the endogenous order of moves in a mixed duopoly for differentiated
goods. Firms choose whether to set prices sequentially or simultaneously. The private firm maximizes profits
while the public firm maximizes the weighted sum of the consumer and producer surpluses (weighted
welfare). It is shown that the result obtained in equilibrium depends crucially on the weight given to
consumer surplus in weighted welfare. We obtain that if the weight is high enough firms decide prices
simultaneously. If the weight takes an intermediate value, the public firm is the leader in prices and the
private firm the follower. Finally, if the weight is low enough there are two sequential equilibria: the public

firm is the leader in prices in one of them and the follower in the other.
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1 Introduction

The literature on mixed markets has analyzed whether firms take decisions (on quantities or
prices) sequentially or simultaneously, assuming that private firms maximize profits and
public firms maximize social welfare.® In this regard, Pal (1998) shows that when firms
produce a homogeneous good, they decide quantities sequentially in a mixed oligopoly.
Matsumura (2003) and Lu (2006) extend this analysis to consider that the public firm
competes with foreign private firms. They also find that decisions are taken sequentially.
Bércena-Ruiz and Garzén (2008) assume that a firm jointly owned by the public sector and
private domestic shareholders (a semipublic firm) competes with the private firms, and
show that, in equilibrium, firms take production decisions simultaneously. The papers cited
above consider that firms compete in quantities. Under Bertrand competition, Barcena-Ruiz
(2007) shows that when firms produce a heterogeneous good they decide prices

simultaneously in a mixed duopoly.

The papers cited above assume that public firms maximize social welfare. However,
the objective function of the public firms can give a different weight to the consumer
surplus than to the producer surplus, which can affect the result obtained in equilibrium.?
Thus, in this paper we analyze the endogenous order of moves in a mixed duopoly under
price competition,® assuming that the objective function of the public firm can give a
different weight to consumer surplus than to producer surplus.

! This literature also analyzes whether other variables are decided sequentially or simultaneously. For
example, Matsumura and Matsusima (2003) analyze the sequential choice of location in a mixed duopoly
assuming a Hotelling-type spatial model.

2 White (2002, p. 489) argues that "while the standard, equally-weighted welfare function may be desirable
for normative reasons, based on utilitarianism or fairness doctrines (as in Harsanyi, 1995), it may be
restrictive for purposes of predicting the behavior of actual public firms and the resulting market outcomes".
White (2002) considers a weighted welfare function to analyze how the public firm responds to different
objective functions, and how this impacts on the industry as a whole.

® There are few papers analyzing the case in which firms decide prices. Other papers analyzing a mixed
market under price competition are Anderson et a/. (1997), Tasnadi (2006) and Ogawa and Kato (2006),
Barcena-Ruiz (2008).



This paper addresses the issue of the endogenous order of moves by considering the
observable delay game of Hamilton and Slutski (1990). We consider a mixed duopoly
where firms decide the timing of their choosing of prices. It is shown that the result
obtained in equilibrium depends crucially on the objective function considered by the
public firm. If the weight given to consumer surplus in weighted welfare is high enough,
firms decide prices simultaneously.® When this weight takes an intermediate value we
obtain a sequential equilibrium in which the public firm is the leader in prices and the
private firm the follower. Finally, when the weight given to consumer surplus is low
enough there are two sequential equilibria: the public firm is the leader in prices in one of

them and the follower in the other.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3
analyzes whether firms set prices sequentially or simultaneously, and conclusions are

drawn in Section 4.
2. The model

We consider an economy comprising two firms that produce a heterogeneous good. One
firm is publicly owned and the other is privately owned; we denote these firms by 0 and 1,
respectively. On the consumption side, there is a continuum of consumers of the same

type. The representative consumer maximizes U(q, ¢1) - Poqo - P191, Where g; is the
amount of the good i and p; is its price (i = 0, 1). The function U(g,, ¢,) is assumed to be

quadratic, strictly concave and symmetric in g, and g;:

1
Ulqo q1) = algo +41) —E((qo)2 +2bgoqy +(q1)%), 1>6>0,°

where parameter b measures the degree to which goods are substitutes. Demand functions

are thus given by:

* This result is also obtained by Barcena-Ruiz (2007) by assuming that the consumer and producer surpluses
have the same weight in social welfare.

® We assume that b<1 to ensure that the function Ulqy, q4) is strictly concave (see Vives, 1984).
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The marginal cost of production of both firms is ¢. The profit of firm i is given by:

7=pi=c)qni#j;ij=01, 2)

where g; is given by (1). The private firm chooses the price, p,, that maximizes its profit.
The public firm chooses the price, p,, that maximizes the weighted sum of the consumer

surplus (CS) and the producer surplus (PS):

W=aCS+PS, ¢,<o<ay, (3)
3 2 72
where ¢, = brab" -4 and o = 4+2b=b7 2 As usual, the producer surplus is the sum
b(1+b) 2(1+ )

of the profits of the firms PS = 7, + z; and the consumer surplus is given by:

2a(L=b)(a=po +p) +(po)" =2bpop + (21)°
2(1-b?) '

CS=Uqo q1) —Po90—P191=

We consider the observable delay game of Hamilton and Slutsky (1990) in the
context of a price-setting mixed duopoly where the firms choose whether to set prices at
t=1 or at r=2. We propose a two-stage game with the following timing. In the first stage, the
firms decide whether to set prices at /=1 or at /=2. If one firm sets its price at /=1 and the
other at /=2, the game is sequential. If both firms choose their prices in the same period,

firms take decisions simultaneously. In the second stage, the firms decide their prices either

® The assumption oy <a<oy; ensures that the two firms produce a positive output: > ¢; ensures that the public
firm produces a positive output level when it is the leader in prices; a<eay; ensures that the private firm produces

a positive output level when it is the follower in prices. The proof is relegated to the appendix.



sequentially or simultaneously. To obtain a subgame perfect equilibrium, the game is

solved backwards.
3. Results

Given that firms may decide prices sequentially or simultaneously, we have three
cases. First, the public firm and the private firm decide prices simultaneously. Second, the
public firm decides its price before the private firm does. Finally, the private firm decides

its price before the public firm does.

We first solve the case in which the prices are set simultaneously, denoted by

superscript S. The private firm chooses the value of p, that maximizes (2), for ;=1 and j=0.
The public firm chooses the value of p, that maximizes (3). Solving these two problems

simultaneously, we obtain the reaction functions in prices of the two firms:

Py = (@-B)+c+bpo). ©)

@-b)(c+all-a))
2—«a '

(6)

Po =bp, +

Given that >0, prices are strategic complements (? >0, i#; i,j=0,1). Thus, if one
P

firm raises (lowers) its price the other firm reacts by raising (lowering) its price too.
From (5) and (6) the following is obtained:

s _all-b)2A-a)+b(2-a))+c(2-ba)
Po = 2-5)(2-a) !
s al-b)2-a+bl-a))+c(2—a+b(l-b))
s 2-b)(2-a) |
s (1-b)a-c)’RU-a)+b2-a)) s (-b)a-c)’(R-a+bl-a))?
Ty = Ty = ,
A+b)(2-b*)(2-a)? A+b)(2-b%)?(2-a)?
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Cs® =
21+ b)(2-b*)?(2-a)?
PSS_(a—c)Z(l—b)(8—8a+a +2b(2-a)* -b*(1-a®)-b*(2- a))
- 1+5)(2-b>)?(2-a)?
s _(a= )’ (B8—a? +ba(2-a)-b*(9-2a)- b3+2b)

201+ 5)(2 - b)) (2—a)

Next we consider the case in which the public firm decides its price before the
private firm does. We denote the leader firm by superscript L and the follower firm by
superscript . The private firm chooses the value of p; that maximizes (2) for ;=1 and j=0.

Solving this problem, we obtain equation (5). The public firm chooses the value of p, that

maximizes (3) taking into account equation (5). Solving this problem, we get:

L _ a(-b)(4Q-a) +b(4-3a)) +c(4—ba - 2b)
Po (4-3b%)(2- )

F_al—-b)2(2-a)+2b(1—a)—b?) +c(d—2a +2b—b*(3—a)-b°)
p= (4—3b2)(2-a)

1 _(-b)a- )2 (4+ba-b*(b-a)-b*)(4(1-a)+b(4— 3a))
0 (1+b)(4—-3b*)?(2 - a)?

o (=b)a-0)*(2(2-a)+2b(l-a)-b%)?
72'1 =
1+b)(4-3b*)%(2-)?

(1 b)(a—c)*(B-8a +a’ +b(B—8a +a’)+b*(1—- a))

s A+b)(4-3b%)(2-a)?

CSL_(a—c)2(8—4a+a +b(a—2)* —3b* - b°)
- 2(1+b)(4-3b*)(2-a)? ’

WL:(a—c)2(8—a2+b(2—a)a—b2(7—2a)—b3)

2(1+5)(4-3b*)(2-a)

Finally, we consider the case in which the private firm decides its price before the
public firm does. The public firm chooses the value of p, that maximizes (3). Solving this

problem, we obtain equation (6). The private firm chooses the value of p; that maximizes

(2) for i=1 and j=0, taking into account equation (6). Solving this problem, we get:



p_a20-a)+b2-a)~b (A=) +c(2+b2-a)+ b U-a)
Po 20+ b)(2—a)

L a(2 a+b(l-a))+c(2-a+b(3- a))

P 20+ h)(2-a)

L (a-)’(2-a+bl-a))? o (a—c)*(Ql—a)+b(2-a)-b*(1- a))
o o 201+ 5)2(2 - @)?

41+ b)*(2-a)?

(a—c)*(8—4a +a? +2b(6—-5a+a?)+b*(5-6a +a? ))

cst =
8(1+b)%(2—a)?
PSF — (a—c)*8-8a+a’+2b(2—a)* -b*(1-a?)
- 41+ b)?(2-a)? ’
wE (a-c)*(B-a® +2b(4+a—a?)-b*(1- a))

8(1+b)%(2-a)

Let a, =b. From the results obtained in the three cases, the following result is

obtained.

Proposition 1. In equilibrium:
i) If a>ay: py >ps, pe>ps, pr>pr. pL2pi, PSS>PSE PST>PSS CSF>CSS, CS5>CSF;

i) If a<ay: p§>ps. po>ps. pr>pi, pi> pi, PS=>PSS PS™>PSS, CS5>CSF, CS5>CS".

Proof. See Appendix.

We first analyze the case in which the weight given to the consumer surplus in the
objective function of the public firm is great enough (a=>¢,). In this case, when the private
firm is the leader in prices it sets a higher price than in the simultaneous case since, as prices
are strategic complements, this firm knows that the follower (the public firm) will also set a

greater price. The private firm wants to increase prices to reduce market competition in order



to increase profits.” When the public firm is the leader in prices it sets a price lower than or
equal to that of the simultaneous case since, as prices are strategic complements, this firm
knows that the follower (the private firm) will also set a lower price. The public firm wants
to reduce prices in order to increase market competition and thus consumer surplus. As a

result, when the private firm is the leader (follower) it sets a higher (lower or equal) price

than in the simultaneous case: pf > p; (p; > p{ ); when the public firm is the follower
(leader) it sets a higher (lower or equal) price than in the simultaneous case: p; > py

(pS > pg). Market competition is greater when the public firm is the leader than in the
simultaneous case because both firms set lower or equal prices in the first case. Thus, the
consumer surplus is greater or equal and the producer surplus is lower or equal in the first
case: CS*>CS® and PSS>PSt. By contrast, as market competition is lower when the private
firm is the leader than in the simultaneous case, the consumer surplus is lower and the

producer surplus is greater in the first case: CS®>CS™ and PS™>PS".

When the weight given to the consumer surplus in the objective function of the public
firm is low enough (a<¢;), the incentive of that firm to behave aggressively in the product
market is lower than when c>¢;. As in the preceding case, when the private firm is the

leader in prices it sets a higher price than in the simultaneous case since, as prices are

strategic complements, the public firm also sets a higher price, thus reducing market
competition: p;” > p; and pg > p5 . When the public firm is the leader in prices it sets a

higher price than in the simultaneous case since, as the weight of the consumer surplus is low
enough, the profit of the firms (the producer surplus) has a greater effect on the objective
function of the public firm than the consumer surplus. Thus, in this case the public firm

seeks to reduce market competition in comparison with the simultaneous case which means
that both firms set greater prices: pg > ps and p; > p; . Under sequential decisions, and

independently of which firm is the leader, market competition is lower than when decisions

" In a private duopoly, when prices are set sequentially both the leader and the follower set higher prices than
when prices are set simultaneously (see, Gal-Or, 1985; Dowrick, 1986; Hamilton and Slutsky, 1990). This is
due to the fact that reaction functions in prices are upward sloping and, thus, if one firm raises its price the

other firm reacts by raising its price too.



are taken simultaneously since prices are lower in the first case. As a result, the consumer

surplus is greater and the producer surplus is lower under sequential decisions than under

simultaneous decisions: CS*>CS*, CSS>CS”, PS'>PS®, and PS™>PS5.

Next we compare the weighted welfare and the profit of the private firm obtained in the
sequential and simultaneous cases. We denote as Zone / the values of parameter « such

that o, >a>a,, as Zone II the values of parameter o such that o, >a > a, and,

finally, as Zone I/l the values of parameter « such that o, >a>¢a;, where

_ b(4+2b-b?)

= 5. Zones [ to /11 are shown in Figure 1.
@+b)(4-b7)

2

Proposition 2. In equilibrium:
DWwhxws wS>wt, zl>xdoand 7P 27l if apozay;
Wt >wsS, ws 2wt , xf >z and nl > 7} if appezay;

i) WEsSwS, whsws, ol >adand zf > 7} if a>ora
Proof. See Appendix.
[INSERT FIGURE 1 AROUND HERE]

We consider first the case in which the weight given to the consumer surplus is great

enough: o>y (Zone 1 in Figure 1). Proposition 1 shows that, in this zone, when the
private firm is the leader in prices both firms set a higher price than in the simultaneous case.
This reduces market competition and increases the profit of the private firm (z{ > 7’ ). By

contrast, when the public firm is the leader in prices, in this zone both firms set a lower price

than in the simultaneous case. This increases market competition and reduces the profit of
the private firm (z; > 7" ). Proposition 1 also shows that consumer surplus when the public

firm is the leader is greater or equal to that of the simultaneous case (CS*>CS®), and in this

last case is greater than if the public firm is the follower (CS°>CS"). Moreover, the producer

surplus is greater when the public firm is the follower than in the simultaneous case



(PS">PS®) and in this last case is greater than or equal to the level if the public firm is the
leader (PS°>PS"). Given that in this zone « is great enough (=), the consumer surplus
has a great enough weight in the objective function of the public firm. As a result, when that
firm is the leader the greater consumer surplus has a stronger effect on weighted welfare than
the lower producer surplus, implying that "> Moreover, when the public firm is the
follower the lower consumer surplus has a stronger effect on weighted welfare than the

greater producer surplus, implying that w5>Ww".

Next we consider the case in which the weight given to the consumer surplus is low
enough:e,,>>; (Zone 111 in Figure 1). Proposition 1 shows that, independently of which
firm is the leader in prices, in this zone both firms set higher prices than in the
simultaneous case. This reduces market competition and increases the profit of the private
firm: 7z >z and 7z > 7; . Proposition 1 also shows that the consumer surplus is greater
and the producer surplus is lower in the simultaneous case than in the sequential cases:
CSS>CSEt, CS5>CSP, PS>PSS, and PS">PSS. Given that in this zone « is low enough
(a<a,), the consumer surplus has a low enough weight in weighted welfare. This means
that, independently of which firm is the leader in prices, the lower consumer surplus has a

lower effect than the greater producer surplus, implying that W*>w> and W*'>Ww?>.

Finally, we consider the case in which the weight given to the consumer surplus takes an
intermediate value: o>c>a, (Zone II in Figure 1). Proposition 1 shows that in the

sequential cases, independently of which firm is the leader, both firms set higher prices

than in the simultaneous case. This reduces market competition and increases the profit of
the private firm: 7z >z and x| >z, . Proposition 1 also shows that, in this zone, the
consumer surplus is greater and the producer surplus is lower in the simultaneous case than
in the sequential cases: CS*>CS*, CS*>CS”, PS>PS®, and PS™>PS5. In this zone « takes
an intermediate value (¢q>c>a,) and the consumer (producer) surplus has a greater effect
on weighted welfare when the public firm is the follower (leader). As a result, when the
public firm is the leader in prices, the fact that the greater producer surplus has a greater

effect on weighted welfare than the lower consumer surplus means that Ww->w5. When the

10



public firm is the follower in prices, the fact that the lower consumer surplus has a greater

effect on weighted welfare than the greater producer surplus means that W>>w""

Taking into account proposition 2, the following result is obtained.

Proposition 3. In equilibrium, firms decide prices simultaneously at t=1 if a,; >a > a,.

For the remaining values of parameter « firms decide prices sequentially. In this case, the

public firm set prices at t=1 and the private firm at t=2 if a;>a2a,. However, if
a, >a>a; there are two sequential equilibria: the public firm is the leader in prices in

one of them and the follower in the other.

From Proposition 2 it is obtained that if o, > a > a; both firms want to be the leader in
prices and neither firm wants to be the follower (7} >z, =, >x, W*>w" and

wS >w"). Thus, in equilibrium they set prices simultaneously at t=1. In this zone, it is a

dominant strategy for both firms to set prices at r=1.

If a, >a>a,, the public firm wants to be the leader in prices but it does not want

to be the follower (W* >w> and W* >Ww*). Moreover, the private firm obtains greater
profit when prices are set sequentially rather than simultaneously (7 > 7, and 7" > 7, ).

As a result, in this zone the public firm sets prices at /=1 and the private firm at =2. In this

way, the public firm becomes the leader and prices are set sequentially.

Finally, if a, >a >, , the two firms prefer to set prices sequentially rather than

simultaneously (z{ >z, zf >xy, W >w?® and w" >w?). This implies that there
are two sequential equilibria: the public firm is the leader in prices in one of them and the
follower in the other.

11



4. Conclusions

This paper studies a setting where firms decide about prices and the objective
function of the public firm is the weighted sum of consumer and producer surpluses. A
mixed duopoly is considered where the firms decide the timing of their choice of prices. It
is shown that whether firms take decisions sequentially or simultaneously depends crucially
on the objective function considered by the public firm. If the weight given to the consumer
surplus in weighted welfare is high enough, firms decide prices simultaneously. However,

when that weight is low enough firms take decisions sequentially.
Appendix

It can be shown that the output level of the firms in the different cases considered is:

s a-c s (a-)R-a+bl-a) , (a—c)(d+ba-b*(4—a)-b°)

e T e )2-a) T -3+ 2-a)
r_(a—c)d-2a+2b(l-a)-b*) = a-c . (a—c)2-a+b(l-a))
T dsa)en2-a) P Tarne-a) BT 20in)2—a)

: : b +4p* -4 . :
It is easy to see that ¢ >0 if a>aL:+—. Similarly, ¢; >0 if
b(1+b)
4+2b-b° ”
af&. Moreover, q5 , q; , q¢ and ¢ are positive for a,<a <ay,.

2(1+b)
Proof of proposition 1.
By comparing the prices obtained in the different cases we obtain:

s 1 2b1-b*)a-c)a-b)
Po =0 = oy 4—367) (2 - a)

>0 ifandonly if a >

r_s_ba—c)2-a+bl-a))
Po P S )2 - )2 a)

>0 for all (e, b),
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L s _bP(a—0)2-a+bl-a))

5 >0 forall («, b),
20+b6)(2-07)2-a)

s r_ba—c)1-b*)(a-D)
PP = o @ -3 2—a)

>0 ifandonly if o > ;.

By comparing the consumer and producer surpluses obtained in the different cases we obtain:

pss. psi= A=b)bla—c)* (@ —b)((4+b)a +b"(1-3a) +b°(1-a))
(2-b%)*(4-3v*)(2-a)”

>0 if and only if ¢,

PSF-PSS= ba(a_c)2(2+b(1_026)—0‘)24:b(2_02[)—b2(1+a))
41+ )2 (2-b%)2(2-a)

>0 forall (e, b),

(A-b)b(a—c)*(a-b)B+b(4—a)-b*(B+a)-b?)

C5-cs= 2(2—-b%)2(4—-3b2)(2 - )?

>0 ifand only if 2,

oss.cst=b"(a=0)* (2+b(Ll-a) - a)(8~4a +4b(3-a) ~b*(2-a) ~b°(5-a))
8(1+b)*(2-b%)%(2—a)?

Proof of proposition 2.

e b*(L-b*)(a—c)*(a-b)?
2(2-6%)%(4-3b*)(2—-a)

>0 for o >, and 0 for o = ;.

W= b*(a—-c)*(2+b(l—a)-a)(ba—(4b-b*)1-a)-b*(2—a))

>0 if and only if &
8(1+b)*(2—b%)2(2-a) Y %

s _(=b)b*(a—c)*(a-b)B(2-a)+8b(l-a) —b*(12—-5a) ~5b°(L—ax) +b") _
S 212 232 2 =
(2-b%)%(4-3b*)?(2-a)

ifand only if a > ¢,

L s _ba—c)’R+b(l-a)-a)’
TN 41+ b)2(2-0%)2(2-a)?

>0 for all (e, b).
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[llustration of Proposition 2
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